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PROPELLER LIFT AND THRUST DISTRIBUTION FROM WAKE
SURVEYS OF STAGNATION CONDITIONS

.By Robert E. Davidson
SUMMARY

The Bernoulll equation for nonsteady flow was used to derive
formulas for propeller 1ift and thrust distribution 1n terms of wake-
survey meagurements of stagnation pressure rise through the propeller.
Lift distributions and over-sll values of thrust from wake survey were
compared with direct measurements of these quantities at stream Mach
numbers up to 0.65.

INTRODUCTION

In reference 1, Lock and Yeatman derive the formuls for propeller
thrust in terms of wake-survey measurements. Their formula is the same
as is obtained from momentum conslderstions, but the method of derivation
is believed to glve greater insight into the mechanics of the wake survey.

The esnalysis of Lock and Yeatman,.although complicated at the start by
the introduction of the velocity potential, develops the thrust formula
.in a logical manner for a finite number of blades and perlodic flow.
From this development it appears that thrust distribution is not the
only thing which the wake survey is capable of measuring. For instance,
it can be deduced that 1lift distribution is given more naturally by the
wake survey than thrust. Reference 1 shows that the derivation of the
thrust formule actually Involves neglecting the induced angle of attack;
in fact, once this assumption is made, the wake survey can Just as
reasonably be used to measure torque as thrust.

In this paper it is shown that the wake-survey formulas msy be

- modified for compressible flow without very complicating changes in
form. As in reférence 1, the total-pressure survey tube is recognized
as measuring the time rate of change of the velocity potential. If
advantage is taken of the fact that pressure changes are smsell in the
flow ebout a propeller, the wake-survey formulas for compressible flow
remain simple in form. .
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" SYMBOLS
B - number of blades
b . blede . chord
P
Cp power. coefficient { ———
Crp thrust coefficient [—— .
. 2
pqn D
c1 " section 1ift coefficient
Cn section normal-force coeff::l.cient'
cp section power coefficient (dCp/dx)
ct - section thrust coefficient (dCT/dx)
D propeller diasmeter ..
oo
ADg
h =.—PE (See equstion (9).)
Pyl )
y -1
=~ (See equation (9).)
J advance ratio (V/nD)
M, advance Mach number
My helical section Mach number (M "1 r = )
n . rotatlonal speed, revolutions in unit time
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"p statié pressure .
Pt stagnation pressure
r " _radiué from the rotational aexis to a pgin; in the flow
T . thrust , |
% " time _
v o . advance velocity,
W ~ resultant velocity of a propeller section
Yo velocity vector (see fig. 1)
W _ fluia velocity
: . r.
x . radius divided by propeller ra@ius (?Eiffﬁ
r circulation -
o} o mass density
Py o stagnation density

velocity potential

o rotational speed, radians in unit time
T - time betweén.blédes pessing a survey tube (En/Bm)
Y . ratlio of specific héats-
Apy - stagnatlon pressure rise through propeller
Subsgripts: | . .
) i denétes free stream condition far-ahead of propeller or at

some place where flow is practically,steady

'f g curly brackets { { ere used to show that a time average is
teken - . : . - o - :

- ——
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DERIVATIONS

The flow field shout a propeller, as for a wing, is irrotational
with the exception of the thin surfaces of rotational flow which trail
from the blades as a result of-viscosity.  When the effect of the blade
wakes on a survey tube is neglected by assuming the flow to be all
irrotational, the velocity, the velocity potential, and the state
functions of the gas must satisfy:

g%=§+%w2+E-:F(t) (1)

where
E =-_-fp_d(1/p)_ (2)

and the coordinate system is fixed to the survey rake.

Observe that for the propeller wake survey, unlike the wing, the
irrotational flow ocutside the vortex sheets.-is surveyed-and the measur-
able forces are those arising primarily from circulstion rather than
viscosity. : .

Equation (1) is applicable to the compressible flow past a propeller
with no restriction on the magnitude of the velocities except that the
velocity potentlal ¢ must exist. This equation appears on page 20
of reference 2.

For a compressible flow the followling relation still holds:
r = % cobW | (3)

where I' 1is the circulation at a particular radius and is equél to the
Jump in ¢ across & trailing vortex sheet at that radius in the wake.

The relation between pressure and densify is asgsumed to be as
follows: : : :

£ - Constant - ' (&)
o7 o

which is known to be a good assumption for practical problems in the
aerodynemlce of compressible flows.
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In compressible flow the change in velocity potential between the
departure and srrival of a vortex sheet at a total-pressure tube of the
survey rake (see fig. 1) 1s still equal to the jump across a-vortex
sheet which is equal to the cilrculation, all at a particulsr radius.
Therefore, the reasoning of reference 1 with equations (1), (3), and
(k) gives for conditions at a total-pressure tube behind the propeller

Ed

T Py
whereas, far upstream,
D :
-ty E . (6)
Pl

and F(é} = 0 because 1t is zero far ahead where the flow is steady.

 Equation (4) substituted in equation (2) gives

- . - 1 P Po
E = ———[& - —
- 7 -1llp Po
where p,, P, represent some initial state. Subtracting equation (6)
from equation (5) and using the expression for E gives

r__7 feed _ Paa) | 1)
T 7 - Pt Pl
The sfagnation density pi behind the propeller is replaced by using

" equation (4) to give

When this equation is substituted in equation (7), the latter takes the
form: : . .

/7| 7-1'! cyai]l
P = =
=_r %l 7 i- 7

- |
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Although equation (8) gives, the circulation in terms of total-
pressure measurements alone, 1t is desirasble to be able to use the -
reading of an ordinary liquid manometer which is usually assumed to ’

glive fptf, rather than the averaged quantity in equation (8). A binomial
. 7_1 i
expansion of pg 7 will avoid the difficulty. Only one term of the

geries need be retained in order to be in keeping with the ‘error in the
experimental measurement of pi. Retailning this term leads to a formule

which permits easy computaetion of the lift from total-pressure measure-
ments with a liquid menometer.

Let:
Pt = Pyl + OPy
e
h = —
Py ~(9)
_7 -1
m = —

then equation (8) becomes

t-Laalle e[~ "

and with the expansion of (1 + h)% this becomes the alternsting series

‘r_1Pal (m-1) 5,2
;_E%Enghp.%_fhgh.] o)

In trying to see the relatlve magnitude of the terms, it is helpful
to make the exponent in the second term of equation (10) appear on the
outside rather than the. inside of the curly brackets. For this purpose,
some aggsumption is necessary as to the form of—h. :

Meassurements with instantaneous totsel-pressure measurlng devices
indicate that the total-préssure veriation with time between vortex
sheets is approximately parsbolic. A typical measurement of this kind
ig shown in figure 2(a). The pertinent parts of the record are shown -
in figure 2(b). Aes would be expected, the total-pressure increment Apy
apparently never comes down to zero at the midpoints. However, a
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cohservafive simplifying essumption is that this does happeﬁ aé showvn

in figure 2(c), that is, that the origin of the parsbola is at Apy = O.
With the assumption that h veries in time as represented in figure 2(c),

the quantities {hf2 and fh2f are no longer independent, in fact
14Lh4 5o
h2=——ih
{n2} = =2{n

as some simple integrations will show. Equation (10) then becomes

1 Pt1 (-1)1m+ , T
$=£@[f + 53 so—ihlg*'"] )

For the wvalues

- 1
7

~

= 0.286

Pfl = 2000 pounds per square foot
joee]
fud

which give a conser#atively heavy disk ldﬁdiné, equation (11) becbmes

20 pounds per square foot

‘0.01

P :
I- 51@.00286 - 0.000018 # . . ]
TOomPg

Therefore, the error when retaining only the first term in eqpation (11)
18 less than )

0.000018

9000018 _ 6.0063 or 0.6 percent
0.00286 3 or 0.6 percen

It follows that, to a good approximation,

r_ Pa1
T h i

— b e
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or N o L
Ap -
L _ t : (12)
T P+1

Equation (12) gives the circulation distribution from easily
measured quantities. The bracketed term is obtained directly from a
liquid manometer, whereas Py1 1B the stagnation deunsity in the

undisturbed gstream.

Lift coefficient.- The 1ift dilstribution 1s easily obtained from

.equation (12). The time for one blade to succeed the preceding one is
the same as the time between passages of the vortex sheets at a total-.

pressure tube; therefore,

2
T= g © (13)

Then equations (3) and (13) substituted in equation (12) glve
L, vwmw

2°1 _ {oped

an Pt1

with which the 1lift coefficient mey be calculated from stagnation
measurements. s

With the excellent spproximation that "W = W, (see fig. 1), the
last equetion may be solved for cj - )

J. {é@tz (14)

1 2
B(b/D) /1 + (T";‘_)Q 2P ¥

which 1is the formule with which c; was calculated in figure 3. This
formula will give slightly low values of cy depending upon the extent

to which profile dresg influences the readings of the total-pressure
tubes. Because the radlcal expresses the sectlon velocity at the blade,
x must be at the blade with no correction factor concerning the slip-

stream contractlon. -

CZ=

Thrust.- By projection of the 1ift in the forward direction, the
thrust mey be found from equation (14%). The induced sngle oy (see
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fig. 1) and the drag are neglected. The formula for the'locai thrust
coefficlent in compressible flow is then

ct = % J2nx %EEEE_ o T (15y
é'ptlva : -

which 18 the same as the formula at tﬁe bbftom of ﬁagé 6 in reference 3.

Integration of equation (15) gives the over- all thrust coefficient
Cp shown in figure kL.

_ For incompressible flow, equation (15) reduces to the well-known
formula for thrust

ar ey
aT _ '_sugD;Apt = 0 > (16)
(h. P,

513 :
which is.obtained from the mqmentum theorem for incompressible flow. -
The substitutions

PRI

and

Ct=;J2’_°‘_iﬁPﬁ - an

Equation (17) is for incompressible flow. Equations (15) and (17) are
the same for incompressible flow because, in this case, the densities
Pyy and p, are equal and 81l other terms ere the same. Thus, the

only change needed to make the ‘esteblished thrust formula (17) -apply to
compressible flow is the substitutlon of stagnaetion density ptl for

stream density Py -

Formula (16) is known to neglect the rotation of the slipstream
when depived.from.momentum thoery. TFormula (16) neglects.the slipstream
rotetion and formula (15) neglects the induced angle of attack.
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COMPARISON OF WAKE-SURVEY RESULTS WITH PRESSURE

AND OVER-ALL FORCE MEASUREMENTS

An experimental check of-the weke-survey formula (14) for lift
coefficient is possible. - Propeller teste in which normel-force coeffi-
cients were obtained at various stations on a 1l0-foot-dismeter propeller
have been made in the Langley 16-foot high-speed tunnel. The normsl-
force coefficlents are computed from direct measurements of static-
pressure distribution on sectlons of the rotating propeller. Wake
surveys were glso made during the same tests.

Lift coefficients from wake-survey measurements and formuls (1k4)
are compared with normal-force coefficients from direct measurements
of statlic pregsures in figure 3. The tests from which the datae were
taken are reported in reference b, 1In figure 3, solld lines are faired
through points plotted from wake-survey data. Plotted polnts with
crosses through them denote normal-force coefficients obtained from
direct static-pressure measurements on the blades. The points with
croegses should fall on the falred lines except for the small difference
between c; and 'cn. The dashed lines are faired in through radial
statlions where a given sectional Mach number prevails. Disagreement
is seen to come in sround My = 1.0.

'In figure 4, thrust from wake-survey formula (15) is compared
with direct thrust messurements. The comparison is not—as thorough as
that for the 1lift coefflcient because only the .integrated value of the
wake-survey thrust 1s shown. The tests from which the data were taken
are reported in reference 5. The agreement is fair-up to the highest
advance Mach number tested. - o o '

CONCLUDLING REMARKS .

Wake-survey formulas were presented which are spplicable to
compressible flow and convenient for computation if a slight degree of
approximation 1s accepted. The usefulness of the wake survey has always
been in the ease with which force distribution may be obtained from
easily measured quentities. Therefore, a small sacrifice in accuracy
wag considered worthwhile_in view of the resulting simplification of

computations.

As long as a velocity potential exists no Mach number’restrictions -
are required. However, 1f-for some reason the flow becomes serlously
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rotational, the formulas presented ate in error by gome indefinite
emount. -

Langley Aeronautical Leboratory B
National Advisory Committee for Aeronautics
Langley Field, Va.
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TOTAL- PRESSURE TUBES

Figure l.- Schematlc diagram of propeller wake and survey setup, with
disgram of velocities at the blade.
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- UPPER TRAGE IS MIRROR
IMAGE OF LOWER -

(b) ' ' , ;

h=At2 -

{c)

ahs}
‘Figure 2.- Acturl and assumed time history of h = 'P—-.. T
_ I t1 '
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